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Abstract
Let Ω be a finite set of cardinality n with a linear order on it and let k be a positive integer. Let F
be a set of permutations on Ω and let PrF be an arbitrary distribution of probability on F . The set F
is said to be biased k-restricted min-wise independent if for every subset X of Ω such that |X | ≤ k,
and every x ∈ X , when π is chosen at random in F , we have that
PrF (min π(X) = π(x)) =
1
|X | .
We study biased k-restricted min-wise independent groups. In particular, we prove that when k is
close to n, then biased k-restricted min-wise independent groups are transitive.
© 2003 Elsevier Ltd. All rights reserved.
1. Introduction
Let Ω be a finite set of cardinality n with some fixed linear order < on it. Let Sym(Ω)
and Alt(Ω) denote the symmetric and the alternating group on Ω , respectively. Very often
we shall identify Ω with the set {1, 2, . . . , n} with the natural order on it; in this case
we denote by Sn and An the symmetric and the alternating group on Ω , respectively. If
X = {x1, . . . , xm} ⊆ Ω and π ∈ Sym(Ω), then π(X) = {π(x1), . . . , π(xm)} ⊆ Ω .
Moreover, we denote the minimal element in π(X), with respect to the given order, by
min π(X). Also, if X, Y are two disjoint subsets of Ω , the notation π(X) < π(Y ) means
that for any x ∈ X and any y ∈ Y we have π(x) < π(y).
Definition 1 ([1]). Let F ⊆ Sym(Ω) be a set of permutations with an arbitrary
distribution of probability on it and let k be a positive integer. We say that the set F is
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biased k-restricted min-wise independent if for any X ⊆ Ω such that |X | ≤ k and for any
x ∈ X , when π is chosen at random in F , we have
PrF (min π(X) = π(x)) = 1|X | . (1)
If k = n, then we say that F is biased min-wise independent instead of biased n-restricted
min-wise independent.
The above probability can also be written as follows:
PrF (min π(X) = π(x)) =
∑
π∈F
PrF (π) · ind(min π(X) = π(x)),
where ind(A) denotes the indicator of A, i.e.,
ind(A) =
{
1, if A is true
0, otherwise.
Sometimes it is useful to consider sets of permutations F satisfying relation (1) not for
all X ⊆ Ω of cardinality at most k, but only for those X of cardinality exactly k. Thus, we
come to the following definition.
Definition 2. Let F ⊆ Sym(Ω) be a set of permutations with a distribution of probability
on it and let k be a positive integer. We say that the set F is weakly biased k-restricted
min-wise independent if relation (1) holds for any X ⊆ Ω such that |X | = k and for any
x ∈ X .
Let us emphasize that the min-wise independence property depends on the probability
distribution on F . In what follows we shall mostly consider the uniform distribution. In
such a case we say that F is k-restricted min-wise independent or weakly k-restricted min-
wise independent.
Min-wise independent sets of permutations were studied in [1] in connection with the
mathematical model used in the internet indexing software. As another application of these
sets of permutations we mention derandomization of algorithms for some N P-complete
problems [2, 10]. In [9, 10] there were found several examples of 3- and 4-restricted min-
wise independent sets, which were groups in fact. From a theoretical point of view, interest
in min-wise independent groups rests on their relation with multiply transitive groups. In
fact any k-transitive group is a k-restricted min-wise independent group (see Corollary 1).
In this paper we begin a systematic study of min-wise independent groups and find some of
their properties. Since for groups the most natural distribution of probability is the uniform
one, we shall concentrate mainly on this case. However, some of the statements will be
given in a more general setting of biased distributions.
In Section 2 we collect some preliminary results and examples. In particular, we show
that weakly k-restricted min-wise independence is inherited by overgroups (Theorem 1).
In Section 3 we present some combinatorial results about orbits of k-restricted and
weakly k-restricted min-wise independent groups.
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In Section 4 we prove that when k is large enough with respect to the degree, then a
k-restricted min-wise independent group must be transitive (Theorems 2 and 3). Moreover,
for a sufficiently large k, it must contain the alternating group (Theorem 4).
In Section 5 we give a necessary and sufficient condition for a group isomorphic
to the direct product of two symmetric groups to be 3-restricted min-wise independent
(Theorem 5) and construct an infinite family of examples of 3-restricted min-wise
independent groups that are not transitive (Theorem 6).
In Section 6 we consider groups of permutations on Ω that are 2-restricted min-wise
independent with respect to any linear order on Ω . We prove that they must be transitive
but not necessarily primitive (Theorem 7).
2. Preliminary results and examples
Let H ≤ G be two subgroups of Sym(Ω) and let T be a right transversal for H in G
such that id ∈ T . Let PrH and PrG be probability distributions on H and G, respectively.
We assume that these probabilities satisfy the following compatibility condition:
for any σ ∈ H and τ ∈ T we have [G : H ] · PrG(στ) = PrH (σ ). (2)
Note that if both distributions are uniform, then they clearly satisfy this condition.
Moreover, given T and an arbitrary distribution on H , one may extend it to G using (2).
Theorem 1. Let H ≤ G be two subgroups of Sym(Ω) with probability distributions PrH
and PrG satisfying condition (2). If H is weakly biased k-restricted min-wise independent,
then G is also weakly biased k-restricted min-wise independent. In particular, if H is
biased k-restricted min-wise independent, then G is also biased k-restricted min-wise
independent.
Proof. Let T be a right transversal for H in G containing id and satisfying (2). Take
X ⊆ Ω with |X | = k and x ∈ X . By the assumption, H is biased weakly k-restricted
min-wise independent. Applying this property to the set τ (X) and to τ (x) ∈ τ (X), we
have that for any τ ∈ T
PrH (min στ(X) = στ(x)) =
∑
σ∈H
PrH (σ ) · ind(min στ(X) = στ(x)) = 1|X | .
This, together with (2), yields
PrG(min π(X) = π(x)) =
∑
π∈G
PrG(π) · ind(min π(X) = π(x))
=
∑
τ∈T
∑
σ∈H
PrG(στ) · ind(min στ(X) = στ(x))
=
∑
τ∈T
∑
σ∈H
1
[G : H ]PrH (σ ) · ind(min στ(X) = στ(x))
=
∑
τ∈T
1
[G : H ] · |X | =
1
|X | . 
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Now we consider the uniform distribution. A set F is weakly k-restricted min-wise
independent if and only if, for any X ⊆ Ω such that |X | = k and for any x ∈ X , we have
|{π ∈ F : min π(X) = π(x)}| = |F ||X | . (3)
In particular, this implies the following useful observation.
Lemma 1. If F ⊆ Sym(Ω) is weakly k-restricted min-wise independent, then k divides
|F |. If F ⊆ Sym(Ω) is k-restricted min-wise independent, then lcm{1, . . . , k} divides |F |,
where lcm denotes as usual the least common multiple.
The following lemma gives a useful criterion of weak k-restricted min-wise
independence. As a corollary we get that k-transitivity implies k-restricted min-wise
independence.
Lemma 2. Let G be a subgroup of Sym(Ω) and let k be a fixed integer, 2 ≤ k ≤ n. Assume
that for any subset X = {x1, . . . , xk} ⊆ Ω the set stabilizer
G{X} = {σ ∈ G : σ(X) = X}
acts transitively on X. Then G is weakly k-restricted min-wise independent with respect to
any linear order on Ω .
Proof. Let us fix some linear order on Ω . Take a subset X = {x1, . . . , xk} ⊆ Ω and
fix x ∈ X . Let T be a left transversal for G{X} in G. Take τ ∈ T and put yi = τ (xi),
i = 1, . . . , k. Choose j such that y j is the smallest among all yi ’s with respect to the
given order. Clearly, for σ ∈ G{X}, we have that τσ (x) = min τσ (X) if and only if
σ(x) = x j . The number of such σ ’s is |G{X}|/k, since by assumption G{X} is transitive
on X . Therefore,
PrG(min π(X) = π(x)) =
∑
π∈G
PrG(π) · ind(min π(X) = π(x))
= 1|G|
∑
τ∈T
∑
σ∈G{X}
ind(min τσ (X) = τσ (x))
= 1|G|
∑
τ∈T
|{σ ∈ G{X} : min τσ (X) = τσ (x)}|
= 1|G|
∑
τ∈T
|G{X}|
k
= 1|G{X}| ·
|G{X}|
k
= 1
k
. 
Corollary 1. Let G be a k-transitive subgroup of Sym(Ω). Then for every t such that
1 ≤ t ≤ k or n − k + 1 ≤ t ≤ n, G is weakly t-restricted min-wise independent with
respect to any linear order on Ω . In particular, G is k-restricted min-wise independent.
Proof. Let X ⊆ Ω , |X | = t . We show that when t is as in the statement, then G{X} acts
transitively on X . This is clear when t ≤ k, since G is k-transitive. If n − k + 1 ≤ t ≤ n,
then note that since |Ω\X | ≤ k − 1, the pointwise stabilizer of Ω\X acts transitively on X
and it is contained in G{X}. Thus the claim follows from Lemma 2. 
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Example 1. In particular we have that the symmetric group Sym(Ω) is min-wise
independent with respect to any linear order on Ω , just because it is n-transitive, and the
alternating group Alt(Ω) is min-wise independent with respect to any linear order on Ω
when |Ω | > 3, since it is (n − 2)-transitive. Another example of a min-wise independent
group is PGL(2, 5) acting on the projective line P1F5; since it is 3-transitive, by Corollary 1
it is 6-restricted min-wise independent for each linear order on the projective line.
Note that Example 2 below shows that in general a k-transitive subgroup of Sym(Ω)
need not be even weakly (n − k)-restricted min-wise independent. Actually, in [4] it
is proved that, with some exceptions (including the case when G  Alt(Ω) and G 
PGL(2, 5), acting on the projective line P1F5), the converse of Corollary 1 holds.
Example 2. The group G = PSL(2, 5) acting on P1F5 is not weakly 4-restricted min-wise
independent for any order on P1F5.
Let 0¯, 1¯, 2¯, 3¯, 4¯, ∞ be the six elements of P1F5. We write them in this way just to
distinguish them from positive integers and to emphasize that one may take an arbitrary
order. In this notation (see [3, Table 2.1, p. 60]),
PSL(2, 5) = 〈(0¯, 1¯, 2¯, 3¯, 4¯), (0¯,∞)(1¯, 4¯)〉.
Take X = {1¯, 2¯, 3¯, 4¯} and x = 2¯. Our aim is to show that, for any linear order on P1F5, we
have
|{π ∈ PSL(2, 5) : min π(X) = π(2¯)}| = 15 = |PSL(2, 5)||X | .
Let us arrange elements of the projective line in the increasing order, say a < b < c <
d < e < f . If min π(X) = π(2¯), then one of the following alternatives holds.
1. π(2¯) = a. Since PSL(2, 5) is transitive on P1F5, there are 10 such π’s.
2. π(2¯) = b and either π(0¯) = a or π(∞) = a. Since PSL(2, 5) is even 2-transitive on
P1F5, there are 4 = 2 + 2 such π’s.
3. π(2¯) = c and {π(0¯), π(∞)} = {a, b}. Since (0¯,∞)(1¯, 4¯) ∈ PSL(2, 5), if there is
such a π , then there is also another one, namely π(0¯,∞)(1¯, 4¯); thus the total number
of such π’s is even.
In any case, the number of required permutations is even, hence it cannot be 15.
Note that examples given until now show groups which are k-restricted min-wise
independent with respect to either any linear order or no linear order. We want now to
give a closer look at changing the order.
Let G be a subgroup of Sym(Ω) and let < and ≺ be two linear orders on Ω . Then
x1 < x2 < · · · < xn if and only if σ−1(x1) ≺ σ−1(x2) ≺ · · · ≺ σ−1(xn) for some
σ ∈ Sym(Ω). Therefore we have that G is a biased k-restricted min-wise independent
group with respect to the order < if and only if Gσ = σ−1Gσ is a biased k-restricted
min-wise independent group with respect to the order ≺. If σ ∈ NSym(Ω)(G) (here,
as usual, NSym(Ω)(G) denotes the normalizer of G in Sym(Ω)), then clearly Gσ = G
and so changing of the order induced by σ does not affect biased k-restricted min-wise
independence of G. In particular if G is biased k-restricted min-wise independent with
respect to a given linear order, then it is biased k-restricted min-wise independent also
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with respect to any order induced by an element of NSym(Ω)(G). This fact suggests the
following definition.
Definition 3. Let G be a biased k-restricted min-wise independent group on Ω . We say
that two linear orders < and ≺ on Ω are G-equivalent if there exists σ ∈ NSym(Ω)(G)
such that x1 < x2 < · · · < xn if and only if σ−1(x1) ≺ σ−1(x2) ≺ · · · ≺ σ−1(xn).
From the definition it follows immediately that the number of non-G-equivalent linear
orders on Ω is [Sym(Ω) : NSym(Ω)(G)]. Moreover checking biased k-restricted min-wise
independence of G for different orders on Ω is equivalent to checking biased k-restricted
min-wise independence of the conjugates of G in Sym(Ω) with respect to the natural order
on Ω . The following is an easy example showing that in general k-restricted min-wise
independence depends on the order on Ω .
Example 3. Let n = 3 and Ω = {1, 2, 3}. There are three conjugate subgroups of order 2
in the symmetric group Sym(Ω). However, only one of them is 2-restricted min-wise
independent with respect to the natural order on Ω . Namely, it is 〈(1, 3)〉.
More examples showing dependence on the order can be found in [9].
3. Some combinatorial lemmas about orbits
In this section we collect some lemmas about the structure of the orbits of a weakly
k-restricted min-wise independent group. We begin by quoting a lemma due to Norin [8]
(see also [6, 7]). We state this result in a slightly more general form than in [8]. However,
the proof is essentially the original one by Norin. Since his paper is hardly accessible, we
include the proof of the lemma just for the convenience of the reader.
Lemma 3. Let F ⊆ Sym(Ω) be a biased weakly t-restricted min-wise independent set
of permutations for all t = k − r, . . . , k, where r < k. For any X, Y ⊆ Ω such that
X ∩ Y = ∅, |X | ≤ r , k − r − 1 ≤ |Y | ≤ k − 1 − |X |, and for any z ∈ Ω\(X ∪ Y ), we
have
PrF (π(X) < π(z) < π(Y )) = |X |! · |Y |!
(|X | + |Y | + 1)! . (4)
Proof. We proceed by induction on |X |.
If |X | = 0, then for any Y such that k − r − 1 ≤ |Y | ≤ k − 1 and for any z ∈ Ω\Y , we
have just by the definition of a biased weakly t-restricted min-wise independent set that
PrF (π(z) < π(Y )) = PrF (min π({z} ∪ Y ) = π(z)) = 1|Y | + 1 =
0! · |Y |!
(0 + |Y | + 1)! .
Assume that the claim is true for all X ′ with |X ′| < l ≤ r and for all Y ′ ⊆ Ω\X ′ with
k − r − 1 ≤ |Y ′| ≤ k − 1 − |X ′|. Now we prove it for any X and Y such that |X | = l,
k − r − 1 ≤ |Y | ≤ k − 1 − |X | and X ∩ Y = ∅. Since for any fixed permutation π the
condition π(z) < π(Y ) is equivalent to the fact that there is exactly one subset A ⊆ X
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(possibly empty) such that π(A) < π(z) < π(Y ∪ (X\A)), we have the following series
of equalities.
PrF (π(z) < π(Y )) =
∑
π∈F
PrF (π) · ind(π(z) < π(Y ))
=
∑
π∈F
PrF (π)
∑
A⊆X
ind(π(A) < π(z) < π(Y ∪ (X\A)))
=
∑
A⊆X
∑
π∈F
PrF (π) · ind(π(A) < π(z) < π(Y ∪ (X\A)))
=
∑
A⊆X
PrF (π(A) < π(z) < π(Y ∪ (X\A))).
Consequently,
PrF (π(X) < π(z) < π(Y ))
= PrF (π(z) < π(Y )) −
∑
AX
PrF (π(A) < π(z) < π(Y ∪ (X\A))). (5)
Let m = |Y |. By (1), we have
PrF (π(z) < π(Y )) = 1
m + 1 . (6)
The inductive hypothesis implies that for any A  X we have
PrF (π(A) < π(z) < π(Y ∪ (X\A))) = |A|! · (m + l − |A|)!
(m + l + 1)! .
Let us recall the well-known combinatorial identity
l∑
i=0
(
m + l − i
m
)
=
(
m + l + 1
m + 1
)
. (7)
Using it we convert the right-hand sum in (5):∑
AX
PrF (π(A) < π(z) < π(Y ∪ (X\A)))
=
l−1∑
i=0
∑
AX
|A|=i
i ! · (m + l − i)!
(m + l + 1)!
=
l−1∑
i=0
(
l
i
)
i ! · (m + l − i)!
(m + l + 1)!
= m! · l!
(m + l + 1)!
l−1∑
i=0
(
m + l − i
m
)
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= m! · l!
(m + l + 1)!
((
m + l + 1
m + 1
)
−
(
m
m
))
by (7)
= 1
m + 1 −
m! · l!
(m + l + 1)! . (8)
Substituting (6) and (8) into (5) yields
PrF (π(X) < π(z) < π(Y )) = m! · l!
(m + l + 1)! ,
as desired. 
Remark 1. If the distribution of probability on F is uniform, then relation (4) can be
represented in the following equivalent form:
|{π ∈ F : π(X) < π(z) < π(Y )}| = |F | · |X |! · |Y |!
(|X | + |Y | + 1)! . (9)
In the remaining part of this section we assume, if an alternative is not stated explicitly,
that Ω = {1, . . . , n}. Moreover, we assume that the distribution of probability is the
uniform one. Furthermore, we denote by G(y) the G-orbit of an element y ∈ Ω and by Gy
the stabilizer of y in G.
Lemma 4. Let G ≤ Sym(Ω).
(i) Let 1 ≤ l ≤ n − 1 and let G be a weakly (l + 1)-restricted min-wise independent
group on Ω . Suppose that G has an orbit∆ of length l. Then l + 1 divides the length
of any other orbit of G and n = (l + 1) · min∆− 1.
(ii) If l ≤ n − 2 and G is weakly (l + 1)- and (l + 2)-restricted min-wise independent on
Ω , then G has no orbits of length l.
Proof. (i) Let ∆ = {u1, . . . , ul} with u1 < u2 < · · · < ul and let y be a point of Ω\∆.
Set X = ∆ ∪ {y}. Then clearly π(X) = ∆ ∪ {π(y)} for every π ∈ G. By weak (l + 1)-
restricted min-wise independence of G we have
1
l + 1 = PrG(min π(X) = π(y)) = PrG(π(y) < u1).
Now π(y) < u1 if and only if π(y) ∈ G(y) ∩ {1, . . . , u1 − 1}. Hence the right-hand side
of the previous equation is equal to m|Gy|/|G|, where
m = |G(y) ∩ {1, . . . , u1 − 1}|.
Thus we have |G(y)| = |G||G y | = m(l + 1) as claimed. Summing over all orbits O different
from∆ we get
n − l =
∑
O =∆
|O| = (l + 1)
∑
O =∆
|O ∩ {1, . . . , u1 − 1}| = (l + 1)(min∆− 1),
whence n = (l + 1) min∆− 1. This proves the first claim of the lemma.
(ii) Now assume that l ≤ n − 2 and G is weakly (l + 1)- and (l + 2)-restricted min-
wise independent on Ω . In order to obtain a contradiction suppose that there is an orbit
∆ of length l. As above put u1 = min∆. Since l ≤ n − 2, there are distinct elements
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x, z ∈ Ω\∆. For each such pair we apply Lemma 3 to the sets X = {x} and Y = ∆. Note
that π(X) < π(z) < π(∆) if and only if π(x) < π(z) < u1. Summing over all x and z
yields ∑
x,z∈Ω\∆
x =z
PrG(π(x) < π(z) < u1) =
∑
x,z∈Ω\∆
x =z
PrG(π(x) < π(z) < π(∆))
=
∑
x,z,∈Ω\∆
x =z
1!l!
(l + 2)!
= (n − l)(n − l − 1)
(l + 1)(l + 2) . (10)
On the other hand, π(Ω\∆) = Ω\∆ and for any fixed π we have
|{(x, z) : π(x) < π(z) < u1}| = |π−1({(i, j) : i < j < u1})| = (u1 − 1)(u1 − 2)2 .
Therefore,
∑
x,z,∈Ω\∆
x =z
PrG(π(x) < π(z) < u1) = 1|G|
∑
x,z,∈Ω\∆
x =z
∑
π∈G
ind(π(x) < π(z) < u1)
= 1|G|
∑
π∈G
∑
x,z,∈Ω\∆
x =z
ind(π(x) < π(z) < u1)
= 1|G|
∑
π∈G
|{(x, z) : π(x) < π(z) < u1}|
= 1|G|
∑
π∈G
(u1 − 1)(u1 − 2)
2
= (u1 − 1)(u1 − 2)
2
. (11)
Comparing (10) and (11) we get
(n − l)(n − l − 1)
(l + 1)(l + 2) =
(u1 − 1)(u1 − 2)
2
.
Taking into account that by the first part of the lemma n = (l + 1)u1 − 1, we obtain
lu1(u1 − 1) = 0. Therefore u1 = 1 and n = l, a contradiction since l ≤ n − 2. 
Note that the first part of Lemma 4 can be strengthened if we assume (l + 1)-restricted
min-wise independence instead of its weak analogue.
Lemma 5. Let G ≤ Sym(Ω) be an (l + 1)-restricted min-wise independent group, where
l ≤ n − 1. Assume that there is an orbit∆ of G of length l. Write down∆ = {u1, . . . , ul },
where u1 < u2 < · · · < ul. Then ui = iu1, for i = 1, . . . , l.
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Proof. Put u0 = 0, ul+1 = n + 1 and take z ∈ Ω\∆ and π ∈ G. If there exists a set
X ⊆ ∆ such that |X | = s and
π(X) < π(z) < π(∆\X), (12)
then
us < π(z) < us+1. (13)
Conversely, inequalities (13) imply that there is a unique set X which satisfies (12), namely,
X = π−1({u1, . . . , us}). Using this observation together with Lemma 3 (in the form (9))
we have
|{π ∈ G : us < π(z) < us+1}| =
∑
X⊆∆
|X |=s
|{π ∈ G : π(X) < π(z) < π(∆\X)}|
=
∑
X⊆∆,|X |=s
|G| s!(l − s)!
(l + 1)! =
|G|
l + 1 .
On the other hand
|{π ∈ G : us < π(z) < us+1}| = |Gz | · |G(z) ∩ {us + 1, . . . , us+1 − 1}|.
Consequently,
|G(z)| = |G||Gz | = (l + 1)|G(z) ∩ {us + 1, . . . , us+1 − 1}|.
In particular, for any orbitO = ∆, the cardinality of O ∩ {us + 1, . . . , us+1 − 1} does not
depend on s. Hence,
us+1 − us = 1 +
∑
O =∆
|O ∩ {us + 1, . . . , us+1 − 1}|
also does not depend on s and the claim now follows easily. 
A similar result holds in the case when G is only l-restricted min-wise independent.
Lemma 6. Let G ≤ Sym(Ω) be an l-restricted min-wise independent group, where
2 ≤ l ≤ n − 1. Assume that ∆ = {u1, . . . , ul}, where u1 < u2 < · · · < ul, is an
orbit of G of length l. Put u0 = 0, ul+1 = n +1. Then for any s = 0, 1, . . . , l −1, we have
n = l(us+1 − us) + (s + 1)us+2 − (2s + 1)us+1 + sus − 1. (14)
Proof. Let T = {τ1, . . . , τl } be a left transversal of Gu1 in G such that τ j (u1) = u j . Put
∆′ = {u2, . . . , ul}. Now we take z ∈ Ω\∆ and π ∈ G. If there exists a set X ⊆ ∆′ such
that |X | = s and
π(X) < π(z) < π(∆′\X), (15)
then one of the two alternatives holds:
• either us < π(z) < us+1 and π(u1) ∈ {us+1, . . . , ul},
• or us+1 < π(z) < us+2 and π(u1) ∈ {u1, . . . , us+1}.
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Moreover, given a π , if one of these alternatives holds then there is exactly one X ⊆ ∆′
that satisfies (15).
By Lemma 3,
n − l
l
=
∑
z∈Ω\∆
∑
X⊆∆′
|X |=s
PrG(π(X) < π(z) < π(∆′\X))
=
∑
z∈Ω\∆
∑
X⊆∆′
|X |=s
∑
π∈G
1
|G| · ind(π(X) < π(z) < π(∆
′\X))
= 1|G|
∑
π∈G
∑
z∈Ω\∆
∑
X⊆∆′
|X |=s
ind(π(X) < π(z) < π(∆′\X))
= 1|G|
∑
π∈G
∑
z∈Ω\∆
(ind(us < π(z) < us+1, π(u1) ∈ {us+1, . . . , ul})
+ ind(us+1 < π(z) < us+2, π(u1) ∈ {u1, . . . , us+1}))
= 1|G|

 l∑
j=s+1
∑
π∈τ j Gu1
(us+1 − us − 1) +
s+1∑
j=1
∑
π∈τ j Gu1
(us+2 − us+1 − 1)


= |Gu1 ||G| ((l − s)(us+1 − us − 1) + (s + 1)(us+2 − us+1 − 1)).
Since |Gu1 |/|G| = 1/ l, the claim follows easily. 
Recall that if X is a set, the symbol X (k) denotes the set of all k-tuples of pairwise
distinct elements of X (see [3, p. 33]).
Lemma 7. Let G ≤ Sym(Ω). Let ∆ = {u1, . . . , ul} be an orbit of G of length l, where
u1 < u2 < · · · < ul . Then, for any x ∈ ∆ and for all non-negative integers r , s, we have∑
(y1,...,yr )∈(∆\{x})(r)
(z1,...,zs )∈(Ω\∆)(s)
PrG(π(x) < π({y1, . . . , yr , z1, . . . , zs}))
= 1
l
l∑
j=1
r−1∏
f =0
(l − j − f )
s−1∏
h=0
(n − l + j − u j − h). (16)
(If r = 0 or s = 0, then the corresponding product disappears.)
Proof. Note that if r > l − 1 (or s > n − l), then the corresponding set (∆\{x})(r) (or
(Ω\∆)(s)) is empty and both sides of (16) vanish. So let r ≤ l − 1 and s ≤ n − l. Choose
x ∈ ∆. Let T = {τ1, . . . , τl} be a left transversal for Gx in G such that τ j (x) = u j . Thus,
if π ∈ τ j Gx , then π(x) = u j . In particular, π(x) < π({y1, . . . , yr , z1, . . . , zs}) if and
only if
• y1, . . . , yr belong to π−1({u j + 1, . . . , n} ∩∆),
• z1, . . . , zs belong to π−1({u j + 1, . . . , n}\∆).
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Then we have∑
(y1,...,yr )∈(∆\{x})(r)
(z1,...,zs )∈(Ω\∆)(s)
PrG(π(x) < π({y1, . . . , yr , z1, . . . , zs}))
=
∑
(y1,...,yr )∈(∆\{x})(r)
(z1,...,zs )∈(Ω\∆)(s)
∑
π∈G
1
|G| · ind(π(x) < π({y1, . . . , yr , z1, . . . , zs}))
= 1|G|
∑
π∈G
∑
(y1,...,yr )∈(∆\{x})(r)
(z1,...,zs )∈(Ω\∆)(s)
ind(π(x) < π({y1, . . . , yr , z1, . . . , zs}))
= 1|G|
l∑
j=1
∑
π∈τ j Gx
∑
(y1,...,yr )∈(∆\{x})(r)
(z1,...,zs )∈(Ω\∆)(s)
ind(π(x) < π({y1, . . . , yr , z1, . . . , zs}))
= 1|G|
l∑
j=1
|Gx |
r−1∏
f =0
(l − j − f )
s−1∏
h=0
(n − l + j − τ j (x) − h)
= 1
l
l∑
j=1
r−1∏
f =0
(l − j − f )
s−1∏
h=0
(n − l + j − u j − h),
which proves (16). 
Lemma 8. Let G ≤ Sym(Ω) be a weakly k-restricted min-wise independent group on Ω .
If ∆ = {u1, . . . , ul}, where u1 < u2 < · · · < ul , is an orbit of G of length l, then, for all
non-negative integers r, s such that r + s = k − 1, we have
1
k
r−1∏
i=0
(l − 1 − i)
s−1∏
g=0
(n − l − g)
= 1
l
l∑
j=1
r−1∏
f =0
(l − j − f )
s−1∏
h=0
(n − l + j − u j − h) (17)
(if r = 0 or s = 0 then the corresponding products disappear), and
1
k
k−2∏
h=0
(n − 1 − h) = 1
l
l∑
j=1
k−2∏
i=0
(n − i − u j ). (18)
Proof. If r > l − 1 or s > n − l, then both sides of (17) vanish. So we can assume that
r ≤ l − 1, s ≤ n − l. Let us take x ∈ ∆. By weak k-restricted min-wise independence of
G, for any subset X = {x, y1, . . . , yr , z1, . . . , zs} ⊆ Ω , where (y1, . . . , yr ) ∈ (∆\{x})(r),
(z1, . . . , zs) ∈ (Ω\∆)(s) and r + s = k − 1, we have
PrG(min π(X) = π(x)) = PrG(π(x) < π({y1, . . . , yr , z1, . . . zs})) = 1k .
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By taking the sum over all ordered tuples of pairwise distinct elements
(y1, . . . , yr ) ∈ (∆\{x})(r) and (z1, . . . , zs) ∈ (Ω\∆)(s)
and applying identity (16), we get (17). Moreover, (18) follows from (17) by multiplying
Eq. (17) by (k−1
r
)
and taking the sum over all non-negative integers r, s such that r + s =
k − 1, using the identity
∑
r+s=k−1
(
k − 1
r
) r−1∏
m=0
(A − m)
s−1∏
h=0
(B − h) =
k−2∏
i=0
(A + B − i)
which is equivalent to∑
r+s=k−1
(
A
r
)(
B
s
)
=
(
A + B
k − 1
)
. 
4. Min-wise independence and transitivity
In this section we study the relation between min-wise independence and transitivity.
Throughout the section we assume Ω = {1, . . . , n}, with the natural order on it.
Lemma 9. Let G ≤ Sym(Ω) be a biased k-restricted min-wise independent group, with
k ≤ n, and suppose that G has an orbit of length l ≤ n − k. Then k ≤ l(n − k + 1).
Proof. Let∆ be the orbit of G of length l. By Lemma 3, for each z ∈ ∆ and for every pair
of disjoint subsets X, Y ⊆ Ω\{z} with |X | + |Y | = k − 1, we have
PrG(π(X) < π(z) < π(Y )) = 0.
In particular, this means that there is some π ∈ G such that |X | < π(z) ≤ n − |Y | =
|X | + n − k + 1. Therefore when |X | varies through the set {0, . . . , k − 1} we get that
∆ ∩ {|X | + 1, |X | + 2, . . . , |X | + n − k + 1} = ∅. It follows that the number of sets
{a, a + 1, . . . , a + n − k} ⊆ Ω is at most l(n − k + 1). Hence k ≤ l(n − k + 1). 
Theorem 2. Let G be a biased k-restricted min-wise independent group acting on Ω . If
k ≥ n − √n + 1, (19)
then G is transitive on Ω .
Proof. In order to obtain a contradiction suppose that G is not transitive. Let ∆ be the
orbit of 1. If |∆| ≤ k − 1, then take y ∈ Ω\∆ and put X = ∆ ∪ {y}. Clearly, for any π ,
the number π(y) is greater than 1 = min π(∆) = min π(X). Hence,
PrG(min π(X) = π(y)) = 0,
a contradiction with the definition of a biased k-restricted min-wise independent set.
Therefore, |∆| ≥ k.
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Then, since we are assuming that ∆ = Ω , G has an orbit of length l ≤ n − k.
Thus by Lemma 9 and hypothesis (19), n = k + n − k ≤ l(n − k + 1) + n − k ≤
(n − k)(n − k + 1) + n − k = (n − k)(n − k + 2) < (n − k + 1)2 ≤ n, a contradiction.
Hence G is transitive on Ω . 
A stronger result holds assuming the uniform distribution on Ω .
Theorem 3. Let G be a k-restricted min-wise independent group acting on Ω .
(i) If n ≥ 6 and k ≥  n2 , then G is transitive on Ω .(ii) If n = 3 and k > n/2, then G is transitive on Ω .
Remark 2. (i) For n = 2, 3, 4, 5, there are non-transitive  n2 -restricted min-wise
independent groups. The corresponding examples, are 〈id〉, 〈id〉, 〈(14)(23)〉, 〈(15)(24)(3)〉,
respectively.
(ii) One can easily check that for n = 3 the only non-transitive 2-restricted min-wise
independent group is G = 〈(13)〉.
Proof of Theorem 3. Let G ≤ Sym(Ω) be a k-restricted min-wise independent group.
(i) First, assume that n ≥ 6 and k ≥  n2 . By Lemma 4(ii) there are no G-orbits of
length at most  n2 −2. If there would be an orbit of length  n2 −1, then using Lemma 4(i)
we would have n =  n2 u − 1 for some u, which is impossible since n ≥ 6. Thus, to prove
transitivity it remains to exclude orbits of length  n2 .
Suppose that there is an orbit of length l =  n2 , say Γ = {u1, u2, . . . , ul} where
u1 < u2 < · · · < ul .
If n is even, then n = 2l and the second orbit must have length l, too. Without loss of
generality we may assume that 1 ∈ Γ , i.e., u1 = 1. By Lemma 6 (with s = 0), we have
u2 = l + 2. Therefore, the second orbit coincides with {2, 3, . . . , l + 1} and u3 must be
l + 3. Since l is at least 3, this contradicts Lemma 6 for s = 1.
If n is odd then n = 2l + 1 and the second orbit must have length l + 1. Applying
Lemma 6 with s = 0 we conclude that u1 ≤ 2. If u1 = 1 then u2 = l + 3 and the second
orbit is {2, 3, . . . , l + 2}. Hence u3 = l + 4, again contradicting Lemma 6 for s = 1. If
u1 = 2, then using Lemma 6 we obtain successively ui = 2i , i = 2, . . . , l. Therefore, two
orbits must be {1, 3, . . . , 2l +1} and {2, 4, . . . , 2l}. But this partition into orbits contradicts
Eq. (18) of Lemma 8 for k = 3. Hence G must be transitive.
(ii) Now let n = 3 and k > n/2. By (i) we need to consider only the cases n = 2, 4
and 5. If n = 2, then k ≥ 2 and G = S2 is transitive. If n = 4, then k ≥ 3 and the
claim follows from Theorem 2. Let n = 5. Then k ≥ 3 and by Lemma 4(ii), G has no
orbit of length 1. Thus, if G is not transitive, it must have two orbits ∆, Γ of length 2, 3
respectively. Write ∆ = {u1, u2}, where u1 < u2. Then by Lemma 4(i), with l = 2, we
have that 5 = 3u1 − 1. Consequently, u1 = 2. By Lemma 5, u2 = 4. Hence ∆ = {2, 4}
and Γ = {1, 3, 5}. But this partition into orbits contradicts equation Eq. (18) of Lemma 8
for k = 3 and l = 2. Hence G must be transitive. 
Theorem 4. Let |Ω | = n ≥ 2 and let G ≤ Sym(Ω) be a k-restricted min-wise
independent group. If k ≥ p, where p is the least prime number strictly greater than
n/2, then Alt(Ω) ≤ G, except in the case when n = 3 and G = 〈(1, 3)〉 or n = 6 and
G  PGL(2, 5).
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Proof. Let G and p be as in the statement. If n = 2, then k ≥ 2 and G = S2. If n = 3,
then k ≥ 2 and a direct analysis shows that either G = Sym(Ω) or k = 2 and G = 〈(1, 3)〉.
Let n ≥ 4. Then, in particular, k ≥ p > n/2 and so G is transitive by Theorem 3. First,
we show that G is primitive on Ω . Assuming the contrary let {∆i | i ∈ I } be a system
of blocks for G. Clearly m = |∆i | ≤ n/2 for each i ∈ I and |I | ≤ n/2. A well known
theorem about imprimitive permutation groups (see [3, 2.6]) states that G embeds into the
wreath product W = SmwrI S|I |. On the other hand, by Lemma 1, p divides |G| and so p
divides either |Sm | or |S|I ||. Since both m and |I | are at most n/2, we get a contradiction.
Therefore G is primitive on Ω .
Moreover, G contains a cycle of order p since p > n/2 and p divides |G|. On the other
hand, Bertrand’s postulate states that for any m > 3 there is a prime q , m < q < 2m − 2.
Therefore p ≤ n − 3 provided n > 7. Hence by a theorem of Jordan (see Theorem 7.4D
in [3]) G is either the symmetric or the alternating group on Ω .
If n = 7, then p = 5 and it is well known that any transitive group of degree 7 containing
a cycle of order 5 must also contain A7 (see [3, Table 2.1, p. 60]). If n = 4, 5, then p = 3
and, by [3, Table 2.1, p. 60], any transitive group of degree n containing a cycle of order 3
must also contain An . Finally if n = 6, then p = 5 and by [3, Table 2.1, p. 60], a transitive
group of degree 6 containing a cycle of order 5 and not containing A6 is isomorphic either
to PGL(2, 5) or to PSL(2, 5), acting on the projective line. By Example 1, PGL(2, 5) is
6-restricted min-wise independent, while by Example 2, PSL(2, 5) is not 4-restricted min-
wise independent, in their action on the projective line. This completes the proof. 
Corollary 2. Let G be an (n − 2)-restricted min-wise independent group of degree n > 6.
Then G is either An or Sn.
Remark 3. Note that by the theorem on asymptotic distribution of prime numbers (see,
e.g., [5]), for each  > 0 there exists a natural number n0() such that for every n ≥ n0 the
interval (n/2, (1/2+)n] contains at least one prime number p. Hence Theorem 4 can also
be stated in the following asymptotic form: for each  > 0 there exists a natural number
n0() such that for every n ≥ n0 and for every k ≥ (1/2 + )n any k-restricted min-wise
independent group acting on Ω , where |Ω | = n, is either Sym(Ω) or Alt(Ω).
5. Non-transitive min-wise independent groups
In the previous sections we studied k-restricted min-wise independent groups in the
case where k is “close” to n, the cardinality of the set Ω = {1, . . . , n} on which our group
acts. In this section we consider the opposite situation. Namely, we fix k and ask if there
are non-transitive k-restricted min-wise independent groups on Ω = {1, . . . , n}, at least
for large values of n. Clearly, the answer is positive if k = 2. Indeed, by Theorem 1 any
non-transitive overgroup of G = 〈(1, n)(2, n − 1) . . .〉 will suit us. Here we consider in
all details the next case when k = 3. Throughout this section we assume the natural order
on Ω .
We begin with a general lemma describing the action of a weakly k-restricted min-wise
independent group on its orbits.
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Lemma 10. Let G ≤ Sym(Ω) be a weakly k-restricted min-wise independent group, let
∆ be a G-invariant subset of Ω and let N = G(∆) be the point-wise stabilizer of ∆. Then
G∆ = G/N is weakly k-restricted min-wise independent on∆.
Proof. Let G, ∆ and N be as in the statement. Take a subset X of ∆ of size k and an
element x ∈ X . Set
A = {π ∈ G : min π(X) = π(x)}.
By hypothesis
|A|
|G| = PrG(min π(X) = π(x)) =
1
|X | ;
thus |A| = |G|/|X |.
Let T be a left transversal for N in G. Then
PrG∆(min π(X) = π(x)) =
1
|G∆|
∑
π∈G∆
ind(min π(X) = π(x))
= 1|G∆|
∑
τ∈T
ind(min τ (X) = τ (x))
= 1|G∆|
∑
τ∈T ∩A
ind(min τ (X) = τ (x))
= |T ∩ A||G∆| .
Now we have that
τ N ∩ A =
{
τ N, if τ ∈ A
∅, if τ /∈ A.
Thus
A = A ∩ G = A ∩
(⋃˙
τ∈T
τ N
)
=
⋃˙
τ∈T
(τ N ∩ A) =
⋃˙
τ∈T∩A
τ N
and so |A| = |T ∩ A||N |. Hence
|T ∩ A| = |G||N | · |X | =
|G∆|
|X | .
Therefore PrG∆(min π(X) = π(x)) = 1/|X |, as required. 
The simplest case of a non-transitive group G ≤ Sym(Ω) is when G has two orbits
Γ and ∆ = Ω\Γ . Then pointwise stabilizers G(Γ ) and G(∆) are normal subgroups of
G and there are natural embeddings G/G(Γ ) → Sym(Γ ), G/G(∆) → Sym(∆). On the
other hand, G(Γ ) ∩ G(∆) = {id}. Hence the natural projection G → G/G(Γ ) × G/G(∆)
is a monomorphism. Therefore, G can be embedded into Sym(Γ ) × Sym(∆). If G is
k-restricted min-wise independent, then by Theorem 1 the group Sym(Γ ) × Sym(∆) is
also k-restricted min-wise independent. By this reason we consider here direct products
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of two symmetric groups only. The following theorem says when they will be 3-restricted
min-wise independent.
Theorem 5. Let Ω = {1, . . . , n} = Γ ∪ ∆, Γ ∩ ∆ = ∅. Write ∆ = {a1, . . . , al},
Γ = {b1, . . . , bm}, where a1 < a2 < · · · < al, b1 < b2 < · · · < bm and n = l + m.
Then the group G = Sym(Γ ) × Sym(∆) is 3-restricted min-wise independent on Ω , with
respect to the natural order on it, if and only if the following relations hold:
l∑
j=1
a j = l(n + 1)2 , (20)
l∑
j=1
ja j = l(2l + 1)(n + 1)6 , (21)
l∑
j=1
a2j =
l(n + 1)(2n + 1)
6
, (22)
m∑
i=1
bi = m(n + 1)2 , (23)
m∑
i=1
ibi = m(2m + 1)(n + 1)6 , (24)
m∑
i=1
b2i =
m(n + 1)(2n + 1)
6
. (25)
Proof. First of all, let us consider the following equations:
n − l
2
= 1
l
l∑
j=1
(n − l + j − a j ), (26)
obtained from (17), by taking r = 0, s = 1, k = 2;
(l − 1)(n − l)
3
= 1
l
l∑
j=1
(l − j)(n − l + j − a j ), (27)
obtained from (17), by taking r = 1, s = 1, k = 3;
(n − l)(n − l − 1)
3
= 1
l
l∑
j=1
(n − l + j − a j )(n − l + j − a j − 1), (28)
obtained from (17), by taking r = 0, s = 2, k = 3.
A straightforward algebraic transformation shows that identities (26)–(28) are
equivalent to (20)–(22). Namely, (26) is equivalent to (20); adding (26) multiplied by
−l to (27) and adding (27) multiplied by 2 and (26) multiplied by −2n + 1 to (28)
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we get equations which are equivalent to (21) and (22), respectively. Clearly, the above
transformation is invertible.
Thus, if G is 3-restricted min-wise independent on Ω , then by Lemma 8 Eqs. (26)–(28)
hold and so Eqs. (20)–(22) hold as well. Moreover by the symmetry we can interchange Γ
with ∆, l with m and ai ’s with b j ’s so that also (23)–(25) hold.
Conversely, suppose that Eqs. (20)–(25) hold. In particular, (26)–(28) hold. We must
show that
PrG(π(x) < π(y)}) = 12 (29)
PrG(π(x) < π(y), π(x) < π(z)) = 13 (30)
for any pairwise distinct x, y, z ∈ Ω .
The group G acts l-transitively on∆ and m-transitively on Γ . Therefore, by Corollary 1,
if x, y, z ∈ Γ or x, y, z ∈ ∆ (respectively x, y ∈ Γ or x, y ∈ ∆), then (30) (respectively,
(29)) is satisfied. Furthermore, for given r and s all probabilities in the left-hand sum in
(16) are equal. Thus in particular we have that if r = 0, s = 1, with x ∈ ∆, y ∈ Ω\∆, then
(n − l)PrG(π(x) < π(y)) = 1l
l∑
j=1
(n − l + j − a j ); (31)
if r = 1, s = 1, with x ∈ ∆, y ∈ ∆\{x} and z ∈ Ω\∆, then
(l − 1)(n − l)PrG(π(x) < π(y), π(x) < π(z))
= 1
l
l∑
j=1
(l − j)(n − l + j − a j ); (32)
if r = 0, s = 2, with x ∈ ∆, y, z ∈ Ω\∆, then
(n − l)(n − l − 1)PrG(π(x) < π(y), π(x) < π(z))
= 1
l
l∑
j=1
(n − l + j − a j )(n − l + j − a j − 1). (33)
Clearly from (31)–(33) and (26)–(28) it follows that (29) and (30) hold when x ∈ ∆,
y ∈ Ω\{x} and z ∈ Ω\∆. By symmetry the same is true when we choose x ∈ Γ and
y ∈ Ω\{x} and z ∈ Ω\Γ . Therefore G is 3-restricted min-wise independent. 
The smallest example of a 3-restricted min-wise independent direct product of two
symmetric groups is given by the following partition into orbits
Γ = {1, 2, 10, 11, 12, 13, 14}, ∆ = {3, 4, 5, 6, 7, 8, 9, 15, 16, 17}.
However it is not the unique one.
Theorem 6. There are infinitely many non-transitive 3-restricted min-wise independent
groups.
Proof. As above we consider groups of the form Sym(Γ ) × Sym(∆). For any t ≥ 1, let
us take n = 16t (t + 1) and partition Ω = {1, . . . , n} into Γ ∪∆ as follows. Here each row
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corresponds to an orbit and the numbers in the rows are lengths of blocks of consecutive
integers in the corresponding orbit.
t+1 times︷ ︸︸ ︷
4t 4t . . . 4t
t times︷ ︸︸ ︷
4(t + 1) . . . 4(t + 1)
4(t + 1) . . . 4(t + 1)︸ ︷︷ ︸
t times
4t 4t . . . 4t︸ ︷︷ ︸
t+1 times
.
In other words, the orbits are Γ = {a1, . . . , a8t (t+1)} and∆ = {b1, . . . , b8t (t+1)}, where
a4t i+ j = (8t + 4)i + j,
b4t (t+1)+4t i+ j = 8t (t + 1) + (8t + 4)i + j
for 0 ≤ i ≤ t , 1 ≤ j ≤ 4t , and
a4t (t+1)+4(t+1)i+ j = 8t (t + 1) + 4t + (8t + 4)i + j,
b4(t+1)i+ j = 4t + (8t + 4)i + j
for 0 ≤ i ≤ t − 1, 1 ≤ j ≤ 4(t + 1).
Now the proof is a straightforward application of Theorem 5. 
The above results make the following conjecture very plausible.
Conjecture 1. For any k ≥ 2 and any l ≥ 2 there are infinitely many values of n such that
Ω = {1, . . . , n} can be partitioned into a disjoint union of non-empty sets
Ω = Ω1 ∪ · · · ∪ Ωl
and the group G = Sym(Ω1) × · · · × Sym(Ωl) acting on Ω is k-restricted min-wise
independent.
6. Min-wise independence with respect to every linear order
In this section we consider groups of permutations on the set Ω that are 2-restricted
min-wise independent with respect to any linear order on Ω .
Theorem 7. Let G ≤ Sym(Ω), |Ω | = n, be a 2-restricted min-wise independent group on
Ω with respect to every linear order on Ω . Then G is transitive.
Proof. In order to obtain a contradiction let us suppose that G is not transitive and let
∆ be an orbit of G. Let us choose a linear order < on Ω such that x < y for every
x ∈ ∆, y ∈ Ω\∆. Then π(x) < π(y) for all π ∈ G, x ∈ ∆, y ∈ Ω\∆ and hence
PrG(π(x) < π(y)) = 1 = 1/2. A contradiction. 
The next proposition is the analogue to Lemma 10 for non-primitive groups.
Proposition 1. Let G ≤ Sym(Ω) be a weakly k-restricted min-wise independent group on
Ω with respect to every linear order on Ω . Suppose that G is transitive but not primitive.
Let Γ = {∆i | i ∈ I } be a system of non-trivial blocks for G and let N be the kernel of
the action of G on Γ . Then G/N is a weakly k-restricted min-wise independent group on
Γ with respect to every linear order on Γ .
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Proof. Let us fix a linear order < on Γ and let ≺ be a linear order on Ω such that if
∆i < ∆h , then x ≺ y for each x ∈ ∆i , y ∈ ∆h .
Fix X = {∆ j | j ∈ J ⊆ I } ⊆ Γ , |J | = k and fix ∆ ∈ X . Then for each j ∈ J choose
an element z j ∈ ∆ j and set Z = {z j | j ∈ J }. Let Z ∩ ∆ = {z¯}. Furthermore let T be a
left transversal for N in G. Then for τ ∈ T , σ ∈ N we have that min τσ (Z) = τσ (z¯) if
and only if min τ (X) = τ (∆). Hence we have
PrG(min π(Z) = π(z¯)) = 1|G|
∑
τ∈T
|{σ ∈ N : min τσ (Z) = τσ (z¯)}|
= 1|G|
∑
τ∈T
|N | · ind(min τ (X) = τ (∆))
= 1|T |
∑
τ∈T
ind(min τ (X) = τ (∆))
= PrG/N (min τ (X) = τ (∆)). (34)
Since the left-hand side equals 1/k by the hypothesis, this completes the proof. 
Note that in general in the hypotheses and notations of Proposition 1, N is not weakly
k-restricted min-wise independent on the ∆i .
We conclude with a partial inverse of Proposition 1, when k = 2.
Proposition 2. Let G ≤ Sym(Ω) be a transitive non-primitive group onΩ . Let Γ = {∆i |
i ∈ I } be a system of non-trivial blocks for G and let N be the kernel of the action of G
on Γ . If N is weakly 2-restricted min-wise independent on each block ∆i for some linear
order on ∆i and G/N is a weakly 2-restricted min-wise independent group on Γ with
respect to some linear order on Γ , then G is a weakly 2-restricted min-wise independent
group on Ω for some linear order on Ω .
Proof. Let < be the linear order on Ω induced by the orders of ∆i ’s and Γ , that is x < y
in Ω if and only if either x, y ∈ ∆i and x precedes y with respect to the order on ∆i , or
x ∈ ∆i , y ∈ ∆ j and ∆i precedes ∆ j with respect to the order on Γ . We claim that G is
2-restricted min-wise independent with respect to <.
Fix X ⊆ Ω , |X | = 2 and x¯ ∈ X . Suppose first that X is not contained in any block
of Γ . Let ∆ be the block containing x¯ and Λ the block containing the other element of X .
Moreover set Z = {∆,Λ}. Then the argument used in the proof of Proposition 1 (Eq. (34))
shows that PrG(min π(X) = π(x¯)) = PrG/N (min τ (Z) = τ (∆)) = 1/2.
Now suppose that X is contained in some block ∆ of Γ . If T is a right transversal for
N in G, then for each τ ∈ T , τ (X) is a subset of size 2 of some block of Γ and so by
hypothesis PrN (min πτ(X) = πτ(x¯)) = 1/2. Thus we have
PrG(min π(X) = π(x¯)) = 1|G|
∑
τ∈T
|{π ∈ N : min πτ(X) = πτ(x¯)}|
=
∑
τ∈T
1
|G|
|N |
2
= |T ||N |
2|G| =
1
2
.
Therefore G is 2-restricted min-wise independent on Ω . 
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Corollary 3. Let G ≤ Sym(Ω) and H ≤ Sym(Γ ) be 2-restricted min-wise independent
groups for some linear orders on the sets Ω and Γ . Then the restricted standard wreath
product GwrH is a transitive non-primitive 2-restricted min-wise independent group on
the set Ω × Γ , with respect to some linear order on it.
Thus there exist transitive non-primitive 2-restricted min-wise independent groups of
unbounded degree.
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